In this paper we consider perturbation of X d -Bessel sequences, X dframes, Banach frames, atomic decompositions and X d -Riesz bases in separable Banach spaces. Equivalence between some perturbation conditions is investigated.
Introduction
From practical point of view, it is very important to know what happens with a frame for a Hilbert space H, when frames' elements are changed. Throughout the years, different conditions for closeness of two frames are investigated, looking for weaker and weaker assumptions. The first perturbation results on Hilbert frames appeared in [4] , where it is proved that if
is a frame for H with lower bound A and {f i } ∞ i=1 satisfies the condition
is also a frame for H. Recall that
⊂ H is called a frame for the Hibert space H with bounds A, B if 0 < A ≤ B < ∞ and A h 2 ≤ ∞ i=1 | h, g i | 2 ≤ B h 2 for every h ∈ H. Further perturbation results on frames with weaker assumptions appeared in [2, 5 -9] . Perturbation of sequences, satisfying the upper frame inequality, is considered in [1] . Such perturbation results are important for investigation of multipliers, which are very useful in signal processing.
As far as it is known to the author, the best condition for perturbation of frames up to now is obtained by Casazza and Christensen [2] :
be a frame for H with bounds A, B and let φ i ∈ H, i∈ N. If there exist constants λ 1 , λ 2 , µ ≥ 0, such that max(λ 1 +
for all finite scalar sequences {c 1 , c 2 , ..., c n } (n ∈ N), then {φ i } is a frame for H with bounds
Motivated by (1), Sun [15] have considered perturbation of G-frames, which are sequences in Hilbert spaces, generalizing frames.
In the present paper we generalize condition (1) to Banach spaces (see (4) and (5)) and obtain perturbation results for some generalizations of frames to Banach spaces. The paper is organized as follows. Section 2 contains notation and needed results. Perturbation of X d -Bessel sequences, X d -frames, Banach frames, atomic decompositions and X d -Riesz bases is the topic of Section 3. For any kind of the above sequences, we use the perturbation condition (4) and determine appropriate additional assumptions on the constants µ, λ 1 , λ 2 . Some of the results in this section generalize results from [2, 8] . Section 4 concerns connection between some conditions for closeness. Equivalences with simpler perturbation conditions are proved: for X d -Bessel sequences and X d -frames, the µ-term in (4) is essential and the other two additions in (4) can be omitted; for X d -Riesz bases and Banach frames -both the µ-term and the λ 2 -term are essential, the λ 1 -term can be omitted in some cases; for atomic decompositions -the µ-and λ 1 -terms can be reduced to one term.
Notation, definitions and needed results
Throughout the paper, X and Y denote Banach spaces, X * -the dual of X, X d -Banach space of scalar sequences. Recall that X d is called: BK-space, if the coordinate functionals are continuous; CB-space, if the canonical vectors form a Schauder basis for X d ; RCB-space, if it is reflexive CB-space. The canonical basis of a CB-space is denoted by
is called finite, when it has only finitely many non-zero elements. The notion operator is used for a linear mapping. It is said that an operator F is defined from X onto Y if its range R(F ) coincides with Y . An operator G, given by
⊂ Y is used with the meaning g i ∈ Y , ∀i ∈ N. If the index set of a sequence or a sum is omitted, the set N should be understood.
Let us recall the definitions of the sequences, whose perturbations are investigated in the present paper.
If {g i } is an X d -Bessel sequence for X with bound B and there exists 
Note that when X d is a CB-space, validity of (3) for all finite scalar
While in the Hilbert space setting (X-Hilbert space and X d = ℓ 2 ) the concepts X d -frame, Banach frame and atomic decomposition lead to a same one, namely -frame for X, in the Banach space setting this is not so. 
Moreover, this p-frame is not a Banach frame for X w.r.t. ℓ p (see the equivalence of (iii) and (v) in [3, Proposition 3.4], valid for CB-spaces X d ).
2. Banach frame for X atomic decomposition of X: A sequence {g i } is a Banach frame for X if and only if {g i } is total on X i.e., if and only if g i (x) = 0, ∀i ∈ N, implies x = 0 (for one of the directions see [3, Lemma 2.6] , the other direction is clear). Not every total sequence on X give rise to atomic decomposition of X: if {z i } denotes an orthonormal basis for a Hilbert space H, then the sequence {e i + e i+1 } is total and thus, it is a Banach frame for H w.r.t. appropriate BK-space X d , however, {e i + e i+1 } does not give rise to atomic decomposition of H, see [3, Example 2.8].
3. Atomic decomposition of X w.r.t.
denotes the sequence of the coefficient functionals, associated to the canonical basis is an atomic decomposition of X w.r.t. X d (see [14] ). Clearly, the converse does not hold in general.
Let {g i } ⊂ X * . The operators U and T given by
are called the analysis operator for {g i } and the synthesis operator for {g i }, respectively. We will use the following assertions. For the sake of completeness we give the proof. Proof: Let T and U denote the synthesis and the analysis operator for
Thus, we can write U * = T . Since X d is reflexive and X is isomorphic to the closed subspace R(U) of X d , X is also reflexive and hence T * = U. By [10] , the operator U * is surjective if and only if U has a bounded inverse defined on R(U), which by [11] is equivalent to the validity of the lower X d -frame inequality. 2
It is well known that a bounded operator G : X → X on a Banach space X, for which G − Id X < 1, has a bounded inverse. An improved version of this result is given by Casazza and Christensen:
Then G is bounded with bounded linear inverse G −1 : X → X and
Perturbation results
Throughout the rest of the paper we assume that
Let X d be an RCB-space and {g i } be an X d -Bessel sequence for X. Note that c i g i is not necessarily convergent for all {c i } ∈ X d and therefore, in general we can not generalize (1) using X d -norm of {c i } instead of ℓ 2 -norm. Motivated by Proposition 2.4, which implies that d i g i converges for all {d i } ∈ X * d , we generalize condition (1) using X * d -norm of scalar sequences. Thus, we consider perturbation condition in the following form:
for all finite scalar sequences {d i }.
By analogue, when {f i } is an X * d -Bessel sequence for X * , we consider perturbation condition of the form:
for all finite scalar sequences {c i }.
When {g i } is an X d -Bessel sequence (resp. {f i } is an X * d -Bessel sequence) with bound B and (P * ) (resp. (P)) holds, denote
Perturbation of X d -Bessel sequences
We begin with a result on the upper X * d -frame condition. Proof: By the triangle inequality and (5), for every finite sequence {c i } we have
Using Proposition 2.4, for every {c i } ∈ X d and every n > m > 0 one can conclude that
0.
Therefore, the series c i ψ i converges for every {c i } ∈ X d and 
Now Proposition 2.4 implies that {ψ
c i (ψ i − f i ) X ≤ (λ 1 B + µ + λ 2 B) {c i } X d = ∆ {c i } X d , ∀{c i } ∈ X d ,
Perturbation of X d -frames
While a frame for a Hilbert space H is also a Banach frame for H and give rice to atomic decomposition of H, the concepts X d -frame, Banach frame and atomic decomposition are not the same in the Banach space setting. We consider perturbation of sequences of all these kinds. 
Proof:
The assumptions in A 3 imply that λ 2 < 1 and thus, by Proposition 3.1, {ψ i } is an X * d -Bessel sequence for X * with bound B = B + ∆. Again by Proposition 3.1, {ψ i − f i } is an X * d -Bessel sequence for X * with bound ∆ and therefore,
where A − ∆ = Note If one would like to perturb X d -Bessel sequences or X d -frames, keeping the new bounds close to the original ones -with difference smaller then ε, one can add the restriction ∆ < ε.
Perturbation of Banach frames
If ({g i }, S) is a Banach frame for X, there are two possibilities for perturbation:
1. perturb the operator S; 2. perturb the sequence {g i }. Casazza and Christensen [2] have investigated perturbation of the Banach frame operator S: 
Then there exists a sequence {θ i } ⊂ X * such that ({θ i }, S) is a Banach frame for X with respect to X d with bounds
We consider perturbation of the Banach-frame sequence. 
(see the proof of [3, Proposition 3.4]). Now we use an idea from [2, Theorem 4], namely, to apply Proposition 2.7 with appropriate operator G. Consider the bounded operator T S * : X * → X * . Let g ∈ X * . By Corollary 3.2, the inequality in (4) holds for all {d i } ∈ X * d ; applying this inequality to the sequence {g(f i )}, we get
By Proposition 2.7, the operator T S * is invertible and the inverse is bounded with ( T S * )
Thus, every g ∈ X * can be written as g = T S * ( T S * ) −1 g, which implies that T is onto X * . Hence, by Proposition 2.5, {φ i } is an X d -frame for X. Since X d is reflexive and {g i } is an X d -frame for X, the space X is isomorphic to a closed subspace of X d and thus, X is also reflexive. Let S denote the bounded operator (( T S * ) −1 ) * S : X d → X * * = X and let U denote the analysis operator for {φ i }. Note that U = T * (see the proof of Proposition 2.5). Therefore,
and hence, ({φ i }, S) is a Banach frame for X with respect to X d . Moreover, for every f ∈ X we have
and therefore,
is a lower bound for {φ i }. 2
Remark If {g i } is a frame for a Hilbert space H with bounds A, B, and T d denotes the synthesis operator for the canonical dual of {g i }, then ({g i }, T d ) is a Banach frame for H with respect to ℓ 2 with bounds √ A, √ B. In this case Theorem 3.6 gives Theorem 1.1 -the perturbation conditions and the bounds are the same. Therefore, Theorem 3.6 generalizes Theorem 1.1.
Corollary 3.7 Let X d be an RCB-space, {g i } be an X d -frame for X with bounds A, B and P be a bounded projection from X d onto R(U), where U denotes the analysis operator for {g i }. Assume that
Then there exists an operator S :
, B = B + ∆.
Proof:
The operator U has bounded inverse U −1 with U −1 ≤ 1/A. Moreover, S := U −1 P is a Banach frame operator for {g i } and S ≤ P /A. Thus, A 6 holds and Theorem 3.6 implies that {φ i } is a Banach frame for X w.r.t. X d with bounds Proof: First note that X is isomorphic to X d (see [14, Proposition 3.4] ) and thus, X is also reflexive. By [14, Proposition 4.7] , {f i } is an X * d -frame for X * with bounds A, B and the analysis operator U for {f i } is injective with R(U) = X * d . Corollary 3.7, applied with P being the Identity operator on X * d , implies that {ψ i } is an X * d -frame for X * with bounds A
, B + ∆. By Proposition 2.5, {ψ i } is complete in X * * = X. By Proposition 2.4, {ψ i } satisfies the upper X d -Riesz basis inequality with the same upper bound B + ∆. For the lower X d -Riesz basis inequality, note that λ 1 < 1 and for every {c i } ∈ X d one has
which implies that
Therefore {ψ i } satisfies the lower X d -Riesz basis condition with bound A =
Concerning the above proposition, note that if A − ∆ > 0, then A − ∆ is also a lower bound for the X d -Riesz basis {ψ i }, but A − 
Perturbation of atomic decompositions
Perturbation of atomic decompositions under (P) with λ 2 = 0 is considered in [8] . Below we add the λ 2 -term and assume (5) only for a subspace of X d . The reason to work with a subspace of X d is the following. Let X d be a BKspace and ({g i }, {f i }) be an atomic decomposition of X with respect to X d . Clearly, c i f i converges in X for every {c i } = {g i (f )}, f ∈ X. However, c i f i does not need to converge for all {c i } in X d , {f i } might be not an X * d -Bessel sequence -an example can be found in [12] . That is why below we only assume that (5) holds for {c i } = {g i (f )}, f ∈ X, not necessarily for all {c i } ∈ X d . Note that convergence of c i f i in X for all {c i } ∈ X d implies that {g i } is a Banach frame for X w.r.t. X d (see Proposition 2.6).
Proposition 3.9 Let X d be an RCB-space and ({g i }, {f i }) be an atomic decomposition of X with respect to X d with bounds A, B. Assume that
Then there exists a sequence . Proof: By A 9 , g i (f )ψ i converges in X for every f ∈ X. Thus, we can consider the operator G : X → X given by Gf := g i (f )ψ i , f ∈ X. For every f ∈ X, one has
By Proposition 2.7, G is bounded with bounded inverse. For i ∈ N, define
For every f ∈ X, one has
This concludes the proof. 2 Theorem 3.10 Let X d be an RCB-space and ({g i }, {f i }) be an atomic decomposition of X with respect to X d with bounds A, B. Assume that
Then the conclusion of Proposition 3.10 holds.
Proof: Let f ∈ X. First prove the convergence of g i (f )ψ i in X. By A 10 , for m > n we obtain
and take limit as n → ∞. This implies that (5) holds for every {c i } = {g i (f )}, f ∈ X, and therefore, A 9 holds. The rest follows from Proposition 3.9. 2
Concerning the above theorem, note that if in addition c i f i converges in X for all {c i } ∈ X d and (5) holds for all finite sequences {c i }, then c i ψ i converges in X for all {c i } ∈ X d . Thus, the following assertion follows easy from Theorem 3.10 and Proposition 2.6. In a similar way as above, assertions concerning equivalence of perturbation conditions for X d -Bessel sequences and X d -frames can be written.
Banach frames and X d -Riesz bases
For perturbation of X d -Riesz bases and Banach frames, the λ 1 -term can be omitted in certain cases. For general Banach frames it is clear that S ≥ 1/B. The following proposition concerns the case when the equality holds. 
Atomic decompositions
Concerning perturbation of atomic decompositions, recall that A 9 requires validity of (5) only for {c i } = {g i (f )}. In this case the λ 1 -term is λ 1 f . Thus, we can replace the λ 1 -and the µ-terms by one term with f :
Proposition 4.5 Let X d be an RCB-space and ({g i }, {f i }) be an atomic decomposition of X with respect to X d with upper bound B. Then A 9 is equivalent to the following condition:
A 9 : ∃ µ ≥ 0, λ 2 ≥ 0, max( λ 1 , λ 2 ) < 1, such that
for every f ∈ X.
Proof: For the implication (A 9 ⇒ A 9 ), take λ 1 = λ 1 + µB, λ 2 = λ 2 . The other implication is clear. 2
